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Abstract
A detailed proof of a recent result on explicit formulae for the product moments
E {Xa11 X
a2
2 · · ·X
an
n } of multivariate Gaussian random variables is provided in
this note.
Keywords: jointly Gaussian random variables, Gaussian random vector, joint
moment, multivariate Gaussian random variables, product moment
1. Introduction
Recently, explicit formulae for the product moments of multivariate Gaussian
random variables have been derived in Song and Lee (2015). The formulae not
only are simpler and more concise than any of the other ones but also allow us
to promptly compute any term of the product moments.5
Since the publication of the results, a huge number of requests has been
received for the details of the proof. In this note, we provide a detailed proof of
the main result of Song and Lee (2015).
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2. Proof of the Explicit Formula
2.1. The Explicit Formula10
Let {Xi}
n
i=1 be multivariate Gaussian random variables with mean vector
µ = (µ1, µ2, · · · , µn) and n × n variance-covariance matrix Φ = [ϕij ], where
µi = E {Xi} denotes the expected value of Xi and ϕij = E {XiXj} − µiµj
denotes the covariance between Xi and Xj if i 6= j and variance of Xi if i = j.
One of the main results of Song and Lee (2015) is as follows:15
Theorem 1. For the product moments
E
{
n∏
i=1
Xaii
}
=
∑
l∈Sa
da,l

 n∏
i=1
n∏
j=i
ϕ
lij
ij



 n∏
j=1
µ
La,j
j

 (1)
of multivariate Gaussian random variables, we have
da,l =
n∏
k=1
ak!
2Ml
(
n∏
i=1
n∏
j=i
lij !
)(
n∏
j=1
La,j !
) (2)
for l ∈ Sa, where Ml =
n∑
k=1
lkk. 
Here, the elements of the two sets a = {a1, a2, · · · , an} and l =
{
{lij}
n
i=1
}n
j=i
are nonnegative integers,20
La,k = ak − lkk −
n∑
j=1
ljk (3)
with lji = lij , and Sa denotes the collection of all the sets l such that
{La,k ≥ 0}
n
k=1
. (4)
2.2. Proof
Let us prove Theorem 1 by mathematical induction. First, it is clear from
Lemma 2.2, Theorem 1, and Theorem 2 of Song and Lee (2015) that (2) holds
for n = 1, 2, and 3, respectively.25
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Next, assume that (2) is true when n = m− 1. Then, since
E {Xa11 X
a2
2 · · ·X
am
m } = E
{
Xa11 X
a2
2 · · ·X
am−1
m−1
}
E {Xamm } (5)
when ϕ1m = ϕ2m = · · · = ϕm−1,m = 0, we get [da2,l2 ]l1m 7→0,l2m 7→0,··· ,lm−1,m 7→0 =
da1,l1dam,lmm , or
[da2,l2 ]l1m 7→0,l2m 7→0,··· ,lm−1,m 7→0 =
m∏
k=1
ak!
2Ml2
(
m−1∏
i=1
m−1∏
j=i
lij !
)
lmm!
(
m−1∏
j=1
La1,j !
)
(am − 2lmm)!
(6)
using (2) with n = m− 1 and
da1,l =
a1!
2ll! (a1 − 2l)!
(7)
(Eq. (5), Song and Lee (2015)) for l = 0, 1, · · · , ⌊a1
2
⌋, where a1 = {ai}
m−1
i=1 ,30
a2 = a1 ∪ {am}, l1 = {lij} with j = i, i + 1, · · · ,m− 1 for i = 1, 2, · · · ,m− 1,
and l2 = l1∪{lim}
m
i=1. Here, the symbol 7→ denotes a substitution: For example,
α 7→ β means the substitution of α with β.
Next, employing the result
∂
∂ϕij
E
{
n∏
k=1
Xakk
}
= aiajE

X
ai−1
i X
aj−1
j
n∏
k=1
k 6=i,j
Xakk

 (8)
for (i, j) = (1,m), (2,m), · · · , (m− 1,m) in Price (1958), and then taking some35
steps (similar to those from (16) to (20) in Song and Lee (2015)), we will get
[da2,l2 ]lim 7→lim+1 =
ai!am! [da2,l2 ]lim 7→0,ai 7→ai−lim−1,am 7→am−lim−1
(ai − lim − 1)! (am − lim − 1)! (lim + 1)!
(9)
and then, by substituting lim + 1 with lim in (9), we have
da2,l2 =
ai!am! [da2,l2 ]lim 7→0,ai 7→ai−lim,am 7→am−lim
(ai − lim)! (am − lim)! (lim)!
(10)
for i = 1, 2, · · · ,m− 1. Now, letting l2m = 0 in (10) with i = 1, we get
[da2,l2 ]l2m 7→0 =
a1!am! [da2,l2 ]l1m 7→0,l2m 7→0,a1 7→a1−l1m,am 7→am−l1m
(a1 − l1m)! (am − l1m)!l1m!
, (11)
3
which can be used into (10) with i = 2 to produce
da2,l2 =
a2!am!
(a2 − l2m)! (am − l2m)!l2m!
×
a1! (am − l2m)!
(a1 − l1m)! (am − l1m − l2m)!l1m!
× [da2,l2 ]l1m 7→0,l2m 7→0,a1 7→a1−l1m,a2 7→a2−l2m,am 7→am−l1m−l2m . (12)
Subsequently, letting l3m = 0 in (12), we get40
[da2,l2 ]l3m 7→0 =
a1!a2!am!
l1m!l2m! (a1 − l1m)! (a2 − l2m)! (am − l1m − l2m)!
× [da2,l2 ]lkm 7→0 for k=1,2,3, a1 7→a1−l1m,a2 7→a2−l2m,am 7→am−l1m−l2m , (13)
which can be employed into (10) with i = 3 to produce
da2,l2 =
a3!am!
(a3 − l3m)! (am − l3m)!l3m!
×
a1!a2! (am − l3m)!
l1m!l2m! (a1 − l1m)! (a2 − l2m)! (am − l1m − l2m − l3m)!
× [da2,l2 ]lkm 7→0,ak 7→ak−lkm for k=1,2,3, am 7→am−l1m−l2m−l3m . (14)
From (14), it can be formulated
da2,l2 =
(
i∏
k=1
ak!
)
am!(
i∏
k=1
lkm!
){
i∏
k=1
(ak − lkm)!
}(
am −
i∑
k=1
lkm
)
!
× [da2,l2 ]
lkm 7→0,ak 7→ak−lkm for k=1,2,3, am 7→am−
i∑
k=1
lkm
(15)
with i = 3. Next, letting l4m = 0 in (15), we will get [da2,l2 ]l4m 7→0 which can be
employed into (10) with i = 4 to produce (15) with i = 4. After proceeding the
above procedures until i = m− 1, we will eventually get45
da2,l2 =
(
m−1∏
k=1
ak!
)
am!(
m−1∏
k=1
lkm!
){
m−1∏
k=1
(ak − lkm)!
}(
am −
m−1∑
k=1
lkm
)
!
× [da2,l2 ]
lkm 7→0,ak 7→ak−lkm for k=1,2,··· ,m−1, am 7→am−
m−1∑
k=1
lkm
(16)
from [da2,l2 ]lm−1,m 7→0 (obtained by letting lm−1,m = 0 in (15) with i = m − 2)
4
and (10) with i = m− 1. Finally, by combining (6) into (16), we can get
da2,l2 =
(
m−1∏
k=1
ak!
)
am!(
m−1∏
k=1
lkm!
){
m−1∏
k=1
(ak − lkm)!
}(
am −
m−1∑
k=1
lkm
)
!
×
{
m−1∏
k=1
(ak − lkm)!
}(
am −
m−1∑
k=1
lkm
)
!
2Ml2
(
m−1∏
k=1
m−1∏
j=i
lkj !
)
lmm!
×
1
m−1∏
j=1
(
[La1,j ]ak 7→ak−lkm for k=1,2,··· ,m−1
)
!
×
1(
am −
m−1∑
k=1
lkm − 2lmm
)
!
=
m∏
k=1
ak!
2Ml2
(
m∏
i=1
m∏
j=i
lij !
)(
m∏
j=1
La2,j !
) , (17)
which implies that (2) holds when n = m also.
3. Conclusion
We have provided a detailed proof of an elegant explicit formulae for prod-50
uct moments E {Xa11 X
a2
2 · · ·X
an
n } of multivariate Gaussian variables derived
recently.
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